In this paper we present results from analysis of GPS/MET occultation data obtained from the University Corporation for Atmospheric Research database. We have used High-Rate occultation data to study the performance of an earlier 4D ionospheric electron content model|obtained tomographically with the use of the GPS constellation|with satisfactory results. In addition, we have processed UCAR Level One Medium-Rate occultation data using the GIPSY package in order to obtain aligned phases. Under the assumption of local spherical symmetry, this phase information has been processed to yield ray path bending angles through Doppler-shift analysis, which have then been used to yield pro les of electronic density via the Abel transform. These pro les give important information for preparing future tomographic work, although the limitations imposed by the working assumptions in this approach cannot be ignored.
1 Introduction I N previous work, the use of ground-based networks of GPS receivers for monitoring the ionospheric electron density has been studied and demonstrated (see, for instance, 1, 2, 3, 4, 5, 6] ). Other studies have anticipated the use of data gathered by occultations of satellites for estimating atmospheric parameters (see 1, 7, 8] ). In both cases, the primary observables are the \time-tagged aligned phase delays" L i measured by suitable GPS receivers at two separate frequencies. The term \aligned," in this case, indicates that the essential ambiguity of the rst phase measurement in an arc has been xed by comparing the phases of one arc with the unambiguous, albeit less precise, pseudo-ranges. Because of the noise present in pseudo-ranges, the alignment procedure introduces a noise bias in the phases of each arc. This noise is smaller for longer arcs.
Given that the observables are the same in both situations, it is worthwhile to quantify some of the di erences which enter the actual processes: a) the time duration of the single arcs b) the sampling rate c) the number of observing receivers d) the number of GPS satellites observed simultaneously at each receiver e) the predominant orientation of the rays relative to the ionosphere.
Taking as a source of data the IGS network for ground receivers and GPS/MET data for orbiting receivers, the di erences that we nd are summarized in Table 1 , which shows that both techniques provide complementary sources of data regarding di erent ionospheric temporal and spatial scales. In section 2 we will discuss these issues at some length, and describe the nature of the data more precisely. In section 3 we will discuss how the phase information data obtained from occultations can be used to extract the occultation ray direction.
In reference 5] we proposed a correlation functional approach to perform ionospheric stochastic tomography, which was used to produce a model of the electronic density for a particular day (Oct 18th, 1995), using a 2 10 10 grid of voxels. In section 4 we will describe our analysis of the performance of our model using GPS/MET High Rate data for the same day, obtained from the database at the University Corporation for Atmospheric Research 1 (UCAR). In section 5 we will describe our analysis of Medium Rate Occultation Data for a di erent day (this type of data was not available for Oct 18th, 1995, at the time of this writing), also obtained from the database at UCAR. We have used this data to produce electronic density pro les. These pro les are very useful to set up tomography grids, since they give information about both the vertical electronic distribution and the relevant horizontal scale one should use. High Rate data is less useful for ionospheric studies, since it is limited to low altitude soundings (less than 80 km over the Earth's surface). We have processed the Medium-Rate UCAR data using the GIPSY package (developed by Caltech/JPL) to obtain aligned phase delays. Clock errors and other frequency independent e ects have been eliminated from later analysis by the use of the ionospheric combination L I L 1 ?L 2 , as we will discuss below.
Then, we will describe how the delay information has been used to obtain the rays' bending angles, using Doppler shift analysis. Finally, we will discuss the inversion of the bending angle data set via the Abel transform to obtain refractivity and electronic density pro les.
Description of the tomographic problem
The data produced by GPS/MET occultations provides us with the positions of the two satellites and the beat phase of the signal received, all as a function of time. The main di erences between the so-called High Rate data and Medium-Rate data, are that the rst type of data is sampled at a rate of 50 Hz, while the second is sampled at 1 Hz (not a very important di erence for our purposes), and, more importantly, that the occultation geometry settings are quite di erent: High-rate data is designed for tropospheric studies, and is extracted by sounding the atmosphere up to a height of 100-200 km above the surface of the Earth. This type of data is not suitable for producing electronic density pro les, although it can be used to test ionospheric models. Medium-Rate data, on the other hand, is designed for ionospheric analysis and extends to about 800 km above the ground. This is su cient for producing electronic density pro les.
Let us now discuss the nature of the delay data in more detail. Let R i (t) be the incoming phase (in radians) as measured by the receiver at time t (this phase is de ned only up to a constant). This phase is combined (or \beated") at the receiver with an internally generated signal of frequency f i . The result,
is equivalent, up to a constant, to the so-called aligned beat phase (expressed as a length in light-meters), or delay L i (t). Let (x) be the electronic density function. Consider a signal traveling at time t between a given satellite and receiver, and let I = R ray dl (x) be the integrated electron density along the ray traversed by the signal (in electrons per square meter). Then, the delay L i is modeled by L i (t) = D s:l: (t) ? I(t) =f (2) is the di erence between the length of the real ray and the length of the ray if it propagated in the vacuum.
Thus, the GPS observables consist essentially of the delays experienced by the dual frequency signals (f 1 =1.57542 GHz and f 2 =1.22760 GHz) transmitted from the GPS constellation (25 satellites) and received at the GPS/MET receiver. Moreover, the paths taken by the signals are essentially the same for either of the frequencies used by the GPS network. In the case of ground networks, given that four satellites can be seen at each of 200 sites during an observing period of 30 seconds, we will have approximately 1000 observations or rays crossing the ionosphere. In the case of the GPS/MET orbiting receiver we have a resolution of 0.05 seconds, and during an observation period of 30 seconds we will get about 600 observations. Although the number of equations is similar for these two cases, the information content is not, for geometrical reasons. Because of the spatial distribution of the rays, we expect singularities in the inversion process for both cases; therefore, to specify a unique solution to the problem additional information must be provided in the form of constraints. For example, in the ground data case it is certainly possible to add some linear constraints to the system, as was done in 5]. In the orbiting receiver case, we may choose (as we do below) to assume that the electronic density, (x), is a function of the radial coordinate only, i.e., that spherical symmetry holds locally. This is another way of adding linear constraints to the system.
It should be clear from this discussion that what we have, in either case, is a linear inversion problem, and that although the mathematics involved in the analysis of each case may appear to be quite di erent, inverting delay data from orbiting or ground receivers is essentially the same type of problem.
3 Obtaining bending angles from the data: the Doppler shift
Since precisely space-time tagged phase information of the signal is available, it should be no surprise that we can recover the direction of the ray at di erent positions. It is certainly true that to a very good approximation the variation of the phase and amplitude of the signal is small over distances of the order of the wavelength of the signals (< 1=4 m). Hence, we are in the domain of geometrical optics 9], and ray direction is determined by the locations of the phase envelopes, which we are able to partially measure. Adding the constraint of spherical symmetry will now enable us to determine a unique ray direction from the data, as we will show in a moment. Of course, the satellites are not moving at in nite speeds and cannot sample the phase at di erent locations instantaneously. Hence, recovering the ray directions from the phase data must involve subtracting the portion of measured phase delays due to motion. This accounting is described using Doppler analysis (see for example 10]), which we discuss next. Let n R and n T be the indices of refraction at the locations of the transmitter and receiver. Neglecting relativistic corrections, the Doppler shift at the receiver is given by
where v i R and v i T are the projections of the satellite velocities on the unit vector de ned by the local direction of the ray and pointed towards the other satellite (for 6 simplicity we will suppress the frequency index in their notation). This formula is best understood by realizing that the ray direction is de ned by the spatial relation of the phase envelopes, which are not planes because the medium traversed is not uniform: ray direction determines entirely the local phase behavior, and vice versa.
Recall that the data used here is the beat phase in meters, L i = i (f i t ?
Let i T and i R be the angles between the ray at frequency f i and the position vector of the satellites with origin in the center of the Earth (see gure 1). Let the superscripts and r refer to tangential and radial components in a polar coordinate system lying in the plane de ned by the positions of the satellites and the center of the Earth (note that spherical symmetry demands that the ray must lie in that plane). We will ignore the e ect of the the small deviations of n R and n T from unity in equation 5, because| as will become apparent below|these deviations a ect bending angles linearly, and this is a negligible modi cation for our purposes. We then have 
To this equation we add Bouguer's rule, which also follows from assuming spherical symmetry 11]:
7 where a is the impact parameter of the ray. For each data point, these two equations form a system of two equations in two unknowns, (8) where is the angular separation between the satellites. 4 Cross-testing the ionospheric model with HighRate occultation data
As mentioned in the introduction, in previous work 5] we produced a model of the electronic density for a particular day (Oct 18th, 1995), using a correlation functional approach to perform ionospheric electron density stochastic tomography with a Kalman lter (see gure 2 for an example of the model at a particular time). Notice that because solar radiation is the major agent shaping the ionosphere and driving its evolution, we use a sun-xed coordinate system to describe it. The reference plane is the equator and the origin of longitudes is chosen so that the Sun is at 180 o (this coordinate system coincides approximately with the usual geographical latitude/longitude coordinate system at UT 00 that day).
We have collected the GPS/MET occultation data available for the same date in order to study the performance of our model. A total of 15 occultations (initially processed at UCAR) have been analyzed, all in the illuminated face of the Earth. With the Doppler shift information we have estimated the ray path and calculated the delay within the tomographic ionospheric model. How is the ray path estimated for the High-Rate occultations? The main bending in these occultations occurs in the troposphere (High-Rate occultations have impact parameters of less than 200 km above the ground), where the index of refraction is dominated by frequency independent factors. For our purposes, we can think of the rays as straight lines when they traverse the ionosphere. In order to make predictions from our ionospheric tomographic model with High-Rate occultations, we have to correct for this e ect, which is important in the lower portion of the occultation. Therefore, we have used the bending angles for one of the frequencies (it is not important which one, since we only care about the dominant non-ionospheric portion of the bending) to de ne a ray path: the path is composed of two straight lines meeting at a point, with the correct bending angles. This procedure takes into account the main e ect of the bending. It is reasonable to assume that the rays are straight in the ionospheric portion of the trip, since the ionospheric bending is very small, and the tomographic model is de ned through large voxels. Of course, this correction makes no sense when the rays have high impact parameters. But then, in that case the e ect of this correction is small.
Comparison of the L I delays calculated from the GPS tomographic model to those from the GPS/MET data is accurate to 40 cm, after we force the average of the residues to be zero by using the fact that GPS/MET data is determined only up to a bias (see gure 3). This is a reasonable number, since the tomographic model gave residues of the order of 30 cm for the rays used to compute it|rays mostly parallel to the electronic density gradient. This error is attributed to digitization, i.e., using a grid with large voxels|see 5] for details. See the graphs in gure 4 for detailed information about a particular occultation. See gure 5 for the locations of the High-Rate occultations on a world map, and gure 6 to see them displayed in sun-xed coordinates.
Analysis of Medium-Rate data: the Abel transform
The GPS/MET UCAR occultation data was provided using the RINEX format. We processed it using GPS and GPS/MET orbit data obtained from UCAR as well, to avoid inconsistencies, and obtained the linear combination of delays, L I = L 1 ? L 2 .
A total of 24 occultations were available for the day 307 of 1996 (Nov 02)|of which only 17 were reasonably complete. D and other frequency independent factors (such as the dry, moist and scattering terms in the troposphere, and relativistic e ects). Here it is especially important that we work with this combination because, besides getting rid of frequency independent terms in the propagation, it eliminates clock drift errors that may remain after processing the data with GIPSY. This is crucial if we are to do Doppler analysis of the signals. Henceforth, we will treat this combination as a ctitious delay, L I , and obtain from it a ctitious bending angle, I , through equations (6), (7) and (8) . To justify this procedure, we will now show that, to rst order, this is equivalent to working with each frequency delay L i separately, and obtain from it the corresponding bending angle, i , to compute I = (1) ? (2) . The basic reason why this is true, as we will now show, is that the bending angles involved are very small. Hence, the above system of equations can be linearized with little error.
Let us rst rewrite the angles 
We have implemented these equations in our computer algorithms, since d(L i ? L 0 )=dt is the relevant portion of the shift, and is much smaller than dL i =dt. It is now straightforward to expand this system of equations in terms of the small quantities (which means that the curvature of the rays is not important, as this equation represents the \straight line approximation"). Hence, to rst order, refractivity (N (n ? 1) 10 6 ) is proportional to the bending angle, and it is therefore possible to work with linear combinations of the delays (as we do here, where we work with L I as if it were a real delay). The \pseudo-refractivity" associated to L I is then, to rst order, the same linear combination of the real refractivities that we used for the delays. The relationship between the refractivity and the electronic density is straightforward, 
As was mentioned earlier, our calculations can only give us the refractivity up to a constant, i.e., the refractivity relative to the one at the receiver. There is another cause of error, however. The rays that arrive at the receiver have three distinct contributions to their bending angles: the contribution from the portion of the ight from r = r T to r = r R , the contribution from r = r R to r = r t , and nally the contribution from r = r t back to r = r R (the last two represent the main portion of the contribution). From this type of data one cannot recover refractivity pro les: it is impossible to calculate the contribution to the delays from the \exterior" part of the ight, since we have delay information for impact parameters that only go up to up to r out (for all we know, the delays at higher impact parameters than the ones measured could be anything!). We can, however, estimate what is the missing \exterior" part of the ight contribution to the bending angles. Given an index of refraction n(r), the additional bending angle that we would get from the missing leg of the ight from r T to r R is 
In gure 7 we see the e ect of a model refractivity of the form N = exp(r?r 0 )=b, which has been chosen so as to double the refractivity data for a particular occultation. The additional bending angle contribution is small, as expected. Hence, we do not think that this e ect is degrading our results signi cantly.
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In gure 8 we see an example of the results for a particular occultation. The cross points in the bending angle graph represent the inverse solution: from the calculated refractivity, the bending angles are recalculated to ensure consistency. Similarly, the cross points in the delay graph result from calculating the delay directly from the inferred refractivity, by integrating the delay along the ray path. The average error is of the order of 0.01 meters, too small to be seen. Note that the theoretical calculation of delay changes from the refraction index rests on These checks were performed to ensure \internal" algorithmic consistency and say nothing about the precision of the measurements. Indeed, it is not too hard to show, using a layer model argument, that given any delay function L(t) and satellite position functionsx T (t) andx R (t), it is possible to come up with a spherically symmetric refractivity pro le that reproduces the delay function (provided that the resulting impact parameter function is monotonic in time).
Summary, Conclusions
The main objective of this paper has been to show the relative merits of two techniques used for describing the ionospheric electron content: ground-based GPS networks and orbiting GPS receivers. We have also tried to establish in which ways both techniques can cooperate. For the ground-based network case we have used our previous developments on stochastic ionospheric tomography in conjunction with level 14 3 High-rate occultation data from the UCAR database. For the orbiting receiver case we have used level 2 occultation data (again from the UCAR database). In the HighRate data case we have found satisfactory agreement between the observed delays and the modeled ones: the residues resulting from comparing them are of the order of 40 cm, while the internal residues in the tomographic model were of the order of 30 cm.
We have used the GIPSY package to process Medium-Rate data and thus obtain aligned phases, which have been used to retrieve electronic density pro les for the ionosphere. To ensure algorithmic soundness, we have then used the refractivity proles to recover the delays directly and contrast them with the original data. Error analysis of the experimental setup shows that our refractivity pro les are accurate. Our results indicate that a multi-layer grid tomographic model should be centered at about 6601 42 km, and extend at least 150 km to either side (see table 2 ). This means, for example, that our earlier tomographic model did not use an optimally designed grid, since it was centered at 6550 km|a bit too low. Even with the reduced number of occultations available for the chosen date, our analysis has provided information on the electron density and shape of the ionosphere which can be used as a means for selecting an adapted gridding strategy.
Our results also provide information about the scales involved in the ionosphere. Vertical refractivity variations indicate that a three-layer grid model would provide adequate coverage. Better yet, the pro les are amenable to tting using standard ionospheric models, which could be easily implemented in tomographic models|thus foregoing layer issues.
Our occultation High-Rate data results show that horizontal scale features can be as small as 20 km. Thus, tomographic models should ideally have grid sizes of that scale. This is a more di cult aspect of the problem: besides the computational di culties, a grid of that size would appear full of \holes", given today's coverage by ground networks. Nevertheless, there are ways to cope with this problem, as we discussed earlier, which we hope to implement in future work in our tomographic models.
The scale of horizontal variations, however, also means that the assumption of spherical symmetry providing the foundation for the Abel transform analysis is also inadequate, as anticipated in 1]. For example, suppose that the peak of the ionosphere is narrow and centered at 6615 km. A ray with an impact parameter of 6450 km, for instance, will be e ectively sampling regions as far apart as 3000 km in the ionosphere ( 2   p   6615   2   ? 6450 2 ), more than 25 o apart ( 2 cos ?1 (6450=6615))! Moreover, the perigee point also drifts as the occultation takes place, as much as 10 o . One cannot realistically expect spherical symmetry to extend to such large regions, especially around active regions of the ionosphere. Its violation can lead to paradoxical situations like refractivities with the wrong sign. The Abel transform, as useful as it can be for quick estimates of refractivities in regions with small horizontal gradients, is no substitute for real tomography with more reasonable constraints, although it is fairly robust for estimating the locations of density peaks and their width.
In conclusion, in our opinion the real future of occultation data lies in its use in combination with ground-based data to perform tomography at a global scale, since these two types of data complement each other rather very well. The results for a particular High Rate occultation. In the top graph we see the L I delay predicted by the tomographic model (continuous line), and the High-Rate GPS/MET data plus a constant so that the two have the same mean (a dotted line). In the next graph we have the logarithm of the bending angle for the three frequencies (L 1 is the dotted line, L 2 is dashed, and L C , the ionospheric free combination, is the continuous line), then the Signal to Noise ratios. Finally, in the last graph we see the di erence between the geometrical impact parameter (dotted line) and the physical impact parameter. (Nov 2nd, 1996) : delay, bending angle and electronic density (relative to the one at the receiver). The cross points in the bending angle graph represent the inverse solution: from the calculated refractivity, the bending angles are recalculated to ensure consistency. Similarly, the cross points in the delay graph result from calculating the delay directly from the inferred refractivity, by integrating the delay along the ray path. The average error is 0.01 meters, too small to be seen.
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